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1 Hamilton Quaternion

In this section, we would like to give the basic operation of Hamilton Quaternion [1] and show that
the right Jacobians for Hamilton Quaternion is equivalent to the left Jacobians of JPL Quaternion
and the right Jacobians of SO(3).

1.1 Hamilton Quaternion Operation

The Hamilton quaternion is used for rotation representation. A quaternion q̄, with rotation axis
φ
‖φ‖ and rotation angle ‖φ‖, can be written as:

q̄ =


qw
q1

q2

q3

 =

[
qw
qv

]
=

[
cos ‖φ‖2

sin ‖φ‖2 ·
φ
‖φ‖

]
(1)

The quaternion operation ⊗ can be defined as:

q̄ ⊗ p̄ =

[
qw
qv

]
⊗
[
pw
pv

]
(2)

=

[
qw −q>v
qv qwI3 + bqvc

] [
pw
pv

]
= L(q̄)p̄ (3)

=

[
pw −p>v
pv pwI3 − bpvc

] [
qw
qv

]
= R(p̄)q̄ (4)

where R(·) and L(·) are defined as the right and left multiplication, respectively.

1.2 Right Jacobians for Hamilton Quaternion

We define the quaternion error states δφ and the quaternion tangent error states δθ as:

q̄(φ+ δθ) = q̄(φ)⊗ q̄(δφ) = q̄(φ)⊗ q̄(J(H)
r δθ) (5)

⇒ q̄(δφ) = q̄−1(φ)⊗ q̄(φ+ δθ) = q̄(J(H)
r δθ) (6)

SUPP-ACI2 1



With small angle approximation, we can derive (6) as:[
1

1
2δφ

]
'

[
cos 1

2‖φ‖ sin 1
2‖φ‖ ·

φ>

‖φ‖
− sin 1

2‖φ‖ ·
φ
‖φ‖ cos 1

2‖φ‖I3 − sin 1
2‖φ‖b

φ
‖φ‖c

][
cos 1

2‖φ+ δθ‖
sin 1

2‖φ+ δθ‖ · φ+δθ
‖φ+δθ‖

]
(7)

=

[
cos φ2 sin φ

2 · k
>

− sin φ
2 · k cos φ2 · I3 − sin φ

2 bkc

][
cos 1

2‖φ+ δθ‖
sin 1

2‖φ+ δθ‖ · φ+δθ
‖φ+δθ‖

]
(8)

'
[

cos φ2 sin φ
2 · k

>

− sin φ
2 · k cos φ2 · I3 − sin φ

2 bkc

][
cos φ2 −

1
2 sin φ

2 · k
>δθ

sin φ
2 · k +

(
1
2 cos φ2 · kk> + sin φ

2 ·
I3−kk>

φ

)
δθ

]
(9)

=

[
1

03×1

]
+

 sin2 φ
2 · k

> I3−kk>
φ

1
2 sin2 φ

2 · kk> +
(

cos φ2 · I3 − sin φ
2 · bkc

)(
1
2 cos φ2 · kk> + sin φ

2 ·
I3−kk>

φ

) δθ
(10)

=

[
1

03×1

]
+

[
sin2 φ

2 · k
> I3−kk>

φ
1
2kk> + 1

2 sin φ
2 ·

I3−kk>
φ − sin2 φ

2 ·
bkc
φ

]
δθ (11)

=

[
1

03×1

]
+

[
0

1
2

(
I3 − (1− cosφ) bkcφ + φ−sinφ

φ bkc2
)] δθ (12)

where we have defined φ = ‖φ‖ and k = φ
‖φ‖ . Therefore, we can get the right Jacobians as:

J(H)
r (φ) =

∂δφ

∂δθ
= I3 −

1− cosφ

φ
bkc+

φ− sinφ

φ
bkc2 (13)

1.3 Left Jacobians for JPL Quaternion

We define the quaternion error states δφ and the quaternion tangent error states δθ as:

q̄J(φ+ δθ) = q̄J(δφ)⊗ q̄J(φ) = q̄J(J
(J)
l δθ)⊗ q̄J(φ) (14)

⇒ q̄J(δφ) = q̄J(φ+ δθ)⊗ q̄−1
J (φ) = q̄J(J

(J)
l δθ) (15)

where q̄J denotes JPL quaternion [2]. Based on the JPL quaternion operation defined in [2], we

can follow the same procedure (7) to compute J
(J)
l .

1.4 Right Jabcobians for SO(3)

Currently, we only find a proof for right Jacobians of SO(3) presented in [3], which is referred
by [4]. However, this proof is not easy to find and might be a little abstract for researchers in

SLAM community. In this paper, we would provide a proof for right Jacobians J
(S)
r in a more

intuitive way.
We want to show that:

R(δφ) = R(φ)−1R(φ+ δθ) = R(J(S)
r δθ) (16)

with J
(S)
r (φ) = ∂δφ

∂δθ = I3 − 1−cosφ
φ bkc + φ−sinφ

φ bkc2. For simplicity, we only need to prove the
following:

R(φ+ δθ) = R(φ)R(J(S)
r δθ) (17)
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We first introduce some important properties for skew-symmetric matrix:

bkc2 = kk> − I3 (18)

bbkcδθc = δθk> − kδθ> (19)

bbkc2δθc = bbkcbkcδθc = bkcδθk> + kδθ>bkc (20)

bkcbδθc = δθk> − k>δθI3 (21)

bkcbbkcδθc = bkcδθk> − bkckδθ> = bkcδθk> (22)

bkc2bδθc = bkc(δθk> − k>δθI3) = bkcδθk> − k>δθbkc (23)

bkc2bbkcδθc = bkcbkc(δθk> − kδθ>) = bkc2δθk> (24)

bbkcδθcbkc2 = (δθk> − kδθ>)bkcbkc = −kδθ>bkc2 (25)

bkc2bbkc2δθc = bkcbkc(bkcδθk> + kδθ>bkc) = −bkcδθk> (26)

bbkc2δθcbkc2 = (bkcδθk> + kδθ>bkc)bkcbkc = −kδθ>bkc (27)

bkcbbkc2δθc = bkc2δθk> (28)

bbkc2δθcbkc = kδθ>bkc2 (29)

bkc2δθk> = k>δθkk> − δθk> (30)

kδθ>bkc2 = k>δθkk> − kδθ>I3 (31)

For the right hand side of Eq(17), we can substitute the right Jacobians as follows:

R(φ)R(J(S)
r δθ) ' R(φ)(I3 + bJ(S)

r δθc) (32)

= R(φ) + R(φ)b
(

I3 −
1− cosφ

φ
bkc+

φ− sinφ

φ
bkc2

)
δθc (33)

= R(φ) + bδθc

− 1− cosφ

φ
bbkcδθc+

φ− sinφ

φ
bbkc2δθc

+ sinφ · bkcbδθc − sinφ · (1− cosφ)

φ
bkcbbkcδθc

+
sinφ · (φ− sinφ)

φ
bkcbbkc2δθc+ (1− cosφ)bkc2bδθc

− (1− cosφ)2

φ
bkc2bbkcδθc+

(1− cosφ)(φ− sinφ)

φ
bkc2bbkc2δθc (34)

= R(φ) + bδθc

+
1− cosφ

φ
δθk> +

1− cosφ

φ
kδθ>

+ (1− sinφ

φ
)bkcδθk> − sinφ · k>δθI3

+ cosφ · k>δθbkc − sinφ

φ
kδθ>bkc+ (sinφ− 2

1− cosφ

φ
)k>δθkk> (35)
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For the left hand side of Eq(17) we have:

R(φ+ δθ) = I3 + sin‖φ+ δθ‖ · b φ+ δθ

‖φ+ δθ‖
c+ (1− cos‖φ+ δθ‖)b φ+ δθ

‖φ+ δθ‖
c2 (36)

' I3 + sinφbkc

+ (1− cosφ)bkc2 − sinφ

φ
bbkc2δθc

+ sinφ · k>δθbkc2 + cosφ · k>δθbkc+ (1− cosφ)bkc2

− (1− cosφ)(
bkcbbkc2δθc

φ
+
bbkc2δθcbkc

φ
) (37)

= R(φ)

+
1− cosφ

φ
(δθk> + kδθ>)

− sinφ

φ
bkcδθk> + cosφ · k>δθbkc

− sinφ

φ
kδθ>bkc − sinφ · k>δθI3

+ (sinφ− 2
1− cosφ

φ
)k>δθkk> (38)

Then we can find:

R(φ)R(J(S)
r δθ)−R(φ+ δθ) = bδθc+ bkcδθk> (39)

where we have used the following equality: for ∀k, we have:

(bδθc+ bkcδθk>)k = bδθck + bkcδθ = 0 (40)

⇒
(
R(φ)R(J(S)

r δθ)−R(φ+ δθ)
)
· k = 0 (41)

⇒
(
R(φ)R(J(S)

r δθ)−R(φ)R(δφ)
)
· k = 0 (42)

Therefore, we can have:

R(φ)R(δφ) = R(φ+ δθ) = R(φ)R(J(S)
r δθ) (43)

We get the proof.

2 ACI2 MODEL 1

In this section, we present the derivations for analytic combined IMU integration (ACI2) MODEL
1. MODEL 1 assumes the acceleration measurement is constant between consecutive sampling
intervals.

2.1 Integration

The synchronized time line for IMU readings and vision sensors can shown in Fig. 1.
The time interval from k to time j can be further divided as Fig. 2.
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Figure 1: Aligned camera and IMU time line.

Figure 2: Time stamp notation for IMU integration

For simplicity, we also define the following notations:

j , k + i+ 1 (44)

δti , tk+i+1 − tk+i (45)

∆ti , tk+i − tk (46)

where i ≥ 0. ωi and ai represent the angular and linear velocity in the interval i (between tk+i and
tk+i+1) and they are assumed constant to simplify the derivation. We can use IMU reading at tk+i

for ωi and ai as:

ωmi ,
Ik+iω (47)

ami ,
Ik+ia (48)

We can also use the averaged readings for the ωi and ai, that is:

ωmi =
Ik+iω + Ik+i+1ω

2
(49)

ami =
Ik+ia + Ik+i+1a

2
(50)

2.2 Implementation for ACI2 MODEL 1

We summarize the steps for implementing the ACI2 MODEL 1 as the following:

• Compute the ω̂i and âi based on current bias estimates:

ω̂i = ωmi − b̂gk (51)

âi = ami − b̂ak (52)
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• Compute the 4 integration components Ξ1, Ξ2, Ξ3 and Ξ4:

Ξ1 =

∫ tk+i+1

tk+i

Ik+i
Iτ

Rdτ (53)

Ξ2 =

∫ tk+i+1

tk+i

∫ ts

tk+i

Ik+i
Iτ

Rdτds (54)

Ξ3 =

∫ tk+i+1

tk+i

Ik+i
Iτ

R̂bâicJr(ω̂iδτ)δτdτ (55)

Ξ4 =

∫ tk+i+1

tk+i

∫ ts

tk+i

Ik+i
Iτ

R̂bâicJr (ω̂iδτ) δτdτds (56)

The 4 integration components can be evaluated by RK4 or by our analytic solution in Ap-
pendix A.

• Compute the integrated measurements:

∆ˆ̄qi+1 = ∆ˆ̄qi ⊗ q̄(ω̂iδti) (57)

∆v̂i+1 = ∆v̂i + Ik
Ik+i

R̂Ξ1 · âi (58)

∆p̂i+1 = ∆p̂i + ∆v̂iδti + Ik
Ik+i

R̂Ξ2 · âi (59)

where ∆R̂i ,
Ik
Ik+i

R̂, corresponds to ∆ˆ̄qi. The integrated measurements starts from zero
rotation, zero position and zero velocity.

• Compute the Bias Jacobians:

Hq
bgi+1

=
Ik+i
Ik+i+1

R̂>Hq
bgi
− Jr (ω̂iδti) δti (60)

Hv
bgi+1

= Hv
bgi
−∆R̂ibΞ1âicHq

bgi
+ ∆R̂iΞ3 (61)

Hv
bai+1

= Hv
bai
−∆R̂iΞ1 (62)

Hp
bgi+1

= Hp
bgi

+ Hv
bgi
δti −∆R̂ibΞ2âicHq

bgi
+ ∆R̂iΞ4 (63)

Hp
bai+1

= Hp
bai

+ Hv
bai
δti −∆R̂iΞ2 (64)

where Hy
x represents the measurement y to state x Jacobians and starts from 0.

• Compute the measurement state transition matrix:

Φ(i+ 1, i) =


Φ11 03 03 Φ14 03

Φ21 I3 I3δti Φ24 Φ25

Φ31 03 I3 Φ34 Φ35

03 03 03 I3 03

03 03 03 03 I3

 (65)

with:

Φ11 =
Ik+i
Ik+i+1

R̂>, Φ14 = −Jr (ω̂iδti) δti (66)

Φ21 = −∆R̂ibΞ2âic, Φ24 = ∆R̂iΞ4, Φ25 = −∆R̂iΞ2 (67)

Φ31 = −∆R̂ibΞ1âic, Φ34 = ∆R̂iΞ3, Φ35 = −∆R̂iΞ1 (68)
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Figure 3: The analytic combine IMU (ACI) factor connecting the IMU state xIk and xIj

• Compute the measurement noise Jacobian matrix:

Gi =


G11 03 03 03

G21 G22 03 03

G31 G32 03 03

03 03 I3δti 03

03 03 03 I3δti

 (69)

with:

G11 = −Jr (ω̂iδti) δti (70)

G21 = ∆R̂iΞ4, G22 = −∆R̂iΞ2 (71)

G31 = ∆R̂iΞ3, G32 = −∆R̂iΞ1 (72)

• Compute the measurement covariance:

Qi+1 = Φ(i+ 1, i)QiΦ
>(i+ 1, i) + GiQdiG

>
i (73)

with initial Q0 = 0 and:

Qdi =


σ2
gdiI3 03 03 03

03 σ2
adiI3 03 03

03 03 σ2
wgdiI3 03

03 03 03 σ2
wadiI3

 (74)

where σ2
gdi = σ2

g/δti, σ
2
adi = σ2

a/δti, σ
2
wgdi = σ2

wg/δti and σ2
wadi = σ2

wa/δti.

2.3 IMU Cost Function Based on ACI2 MODEL 1

The analytic combined IMU factor can be shown in Fig. 3.
From time interval tk to tk+i+1, the integrated measurements can be defined as:

∆q̄i+1(x̂0
bk
,nI)

∆pi+1(x̂0
bk
,nI)

∆vi+1(x̂0
bk
,nI)

∆bgi+1(nI)
∆bai+1(nI)


︸ ︷︷ ︸

zIkj (x̂0
bk
,nI)

=


hq(xnk ,xnj )⊗ q̄−1(Hq

bx̃bk)⊗ q̄−1(Hq
b∆xbk)

hp(xnk ,xnj )−Hp
b∆xbk −Hp

b x̃bk

hv(xnk ,xnj )−Hv
b∆xbk −Hv

b x̃bk

bgj − bgk
baj − bak


︸ ︷︷ ︸

h(xnk
,xnj ,xbk

,xbj
)

(75)

Since the linearization point for xbk is fixed, so, we can build the following IMU factor as:

arg min
xIk ,xIj

∥∥zIkj (x̂0
bk
,0)� h(xnk ,xnj ,xbk ,xbj )

∥∥2

Q−1
kj (x̂0

bk
)

(76)

⇒ arg min
xIk ,xIj

∥∥∥∥z̃Ikj (x̂0
bk
,0)−H0

xbk
∆x̂

(0)
bk −

[
Hxnk H0

xbk
Hxnj Hxbj

] [x̃Ik
x̃Ij

]∥∥∥∥2

Q−1
kj (x̂0

bk
)

(77)
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where H0
xbk

and Qkj(x̂
0
bk

) are both computed at the initial bias estimate x̂0
bk

. Based on the
integrated componetes, the predicted state xIj can be computed as:

G
Ij

ˆ̄q = G
Ik

ˆ̄q ⊗∆ˆ̄qi+1 (78)

Gp̂Ij = Gp̂Ik + Gv̂Ik∆ti+1 + G
Ik

R̂∆p̂i+1 +
1

2
Gg∆t2i+1 (79)

Gv̂Ij = Gv̂Ik + G
Ik

R̂∆v̂i+1 + Gg∆ti+1 (80)

b̂gIj = b̂gIk (81)

b̂aIj = b̂aIk (82)

where Gg =
[
0 0 −g

]>
. The measurement Jacobians for state xk as:

∂z̃i+1

∂x̃Ik
=



∂δ∆θi+1

∂x̃Ik
∂∆p̃i+1

∂x̃Ik
∂∆ṽi+1

∂x̃Ik
∂∆b̃gi+1

∂x̃Ik
∂∆b̃ai+1

∂x̃Ik


=



∂δ∆θi+1

∂δθk

∂δ∆θi+1

∂p̃Ik

∂δ∆θi+1

∂ṽIk

∂∆∆θi+1

∂b̃gk

∂∆∆θi+1

∂b̃ak
∂∆p̃i+1

∂δθk

∂∆p̃i+1

∂p̃Ik

∂∆p̃i+1

∂ṽIk

∂∆p̃i+1

∂b̃gk

∂∆p̃i+1

∂b̃ak
∂∆ṽi+1

∂δθk

∂∆ṽi+1

∂p̃Ik

∂∆ṽi+1

∂ṽIk

∂∆ṽi+1

∂b̃gk

∂∆ṽi+1

∂b̃ak
∂∆b̃gi+1

∂δθk

∂∆b̃gi+1

∂p̃Ik

∂∆b̃gi+1

∂ṽIk

∂∆b̃gi+1

∂b̃gk

∂∆b̃gi+1

∂b̃ak
∂∆b̃ai+1

∂δθk

∂∆b̃ai+1

∂p̃Ik

∂∆b̃ai+1

∂ṽIk

∂∆b̃ai+1

∂b̃gk

∂∆b̃ai+1

∂b̃ak


(83)

=


−J−1

r (Hq
b∆xb)

G
Ij

R̂>GIkR̂ 03 03 −J−1
r (Hq

b∆xb)H
q
bg 03

bGIkR̂
>(Gp̂Ij − Gp̂Ik − Gv̂Ik∆ti+1 − 1

2
Gg∆t2i+1)c −GIkR̂

> −GIkR̂
>∆ti+1 −Hp

bg −Hp
ba

bGIkR̂
> (Gv̂Ij − Gv̂Ik − Gg∆ti+1

)
c 03 −GIkR̂

> −Hv
bg −Hv

ba

03 03 03 −I3 03

03 03 03 03 −I3


(84)

The measurement Jacobians for state xj as:

∂z̃i+1

∂x̃Ij
=



∂δ∆θi+1

∂x̃Ij
∂∆p̃i+1

∂x̃Ij
∂∆ṽi+1

∂x̃Ij
∂∆b̃gi+1

∂x̃Ij
∂∆b̃ai+1

∂x̃Ij


=



∂δ∆θi+1

∂δθj

∂δ∆θi+1

∂p̃Ij

∂δ∆θi+1

∂ṽIj

∂∆∆θi+1

∂b̃gj

∂∆∆θi+1

∂b̃aj
∂∆p̃i+1

∂δθj

∂∆p̃i+1

∂p̃Ij

∂∆p̃i+1

∂ṽIj

∂∆p̃i+1

∂b̃gj

∂∆p̃i+1

∂b̃aj
∂∆ṽi+1

∂δθj

∂∆ṽi+1

∂p̃Ij

∂∆ṽi+1

∂ṽIj

∂∆ṽi+1

∂b̃gj

∂∆ṽi+1

∂b̃aj
∂∆b̃gi+1

∂δθj

∂∆b̃gi+1

∂p̃Ij

∂∆b̃gi+1

∂ṽIj

∂∆b̃gi+1

∂b̃gj

∂∆b̃gi+1

∂b̃aj
∂∆b̃ai+1

∂δθj

∂∆b̃ai+1

∂p̃Ij

∂∆b̃ai+1

∂ṽIj

∂∆b̃ai+1

∂b̃gj

∂∆b̃ai+1

∂b̃aj


(85)

=


J−1
r (Hq

b∆xb) 03 03 03 03

03
G
Ik

R̂> 03 03 03

03 03
G
Ik

R̂> 03 03

03 03 03 I3 03

03 03 03 03 I3

 (86)

3 ACI2 MODEL 2

In this section, we present the derivations for analytic combined IMU integrator (ACI2) MODEL
2. MODEL 2 assumes the true acceleration is constant between consecutive sampling intervals.
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3.1 Implementation for ACI2 MODEL 2

We summarize the steps for implementing the ACI2 MODEL 2 as the following:

• Compute the ω̂i and âi based on current bias estimates:

ω̂i = ωmi − b̂gk (87)

âi = ami − b̂ak +
Ik+i
Ik

R̂Ik
G R̂0Gg (88)

where Ik
G R̂0 denotes the initial estimate of IkG R̂ used for this integration.

• Compute the 4 integration components Ξ1, Ξ2, Ξ3 and Ξ4:

Ξ1 =

∫ tk+i+1

tk+i

Ik+i
Iτ

Rdτ (89)

Ξ2 =

∫ tk+i+1

tk+i

∫ ts

tk+i

Ik+i
Iτ

Rdτds (90)

Ξ3 =

∫ tk+i+1

tk+i

Ik+i
Iτ

R̂bâicJr(ω̂iδτ)δτdτ (91)

Ξ4 =

∫ tk+i+1

tk+i

∫ ts

tk+i

Ik+i
Iτ

R̂bâicJr (ω̂iδτ) δτdτds (92)

The 4 integration components can be evaluated by RK4 or by our analytic solution in Ap-
pendix A.

• Compute the integrated measurements:

∆ˆ̄qi+1 = ∆ˆ̄qi ⊗ q̄(ω̂iδti) (93)

∆v̂i+1 = ∆v̂i + ∆R̂iΞ1 · âi (94)

∆p̂i+1 = ∆p̂i + ∆v̂iδti + ∆R̂iΞ2 · âi (95)

• Compute the Bias Jacobians:

Hq
bgi+1

=
Ik+i
Ik+i+1

R̂>Hq
bgi
− Jr (ω̂iδti) δti (96)

Hv
bgi+1

= Hv
bgi
−∆R̂ibΞ1âicHq

bgi
+ ∆R̂iΞ3 (97)

Hv
θki+1

= Hv
θki

+ ∆R̂iΞ1∆R̂>i b
Ik
G R̂0Ggc (98)

Hv
bai+1

= Hv
bai
−∆R̂iΞ1 (99)

Hp
bgi+1

= Hp
bgi

+ Hv
bgi
δti −∆R̂ibΞ2âicHq

bgi
+ ∆R̂iΞ4 (100)

Hp
bai+1

= Hp
bai

+ Hv
bai
δti −∆R̂iΞ2 (101)

Hp
θki+1

= Hp
θki

+ Hv
θki
δti + ∆R̂iΞ2∆R̂>i b

Ik
G R̂0Ggc (102)

• Compute the measurement state transition matrix:

Φ(i+ 1, i) =


Φ11 03 03 Φ14 03

Φ21 I3 I3δti Φ24 Φ25

Φ31 03 I3 Φ34 Φ35

03 03 03 I3 03

03 03 03 03 I3

 (103)
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with:

Φ11 =
Ik+i
Ik+i+1

R̂>, Φ14 = −Jr (ω̂iδti) δti (104)

Φ21 = −∆R̂ibΞ2âic+ ∆R̂iΞ2b∆R̂>i
Ik
G R̂0Ggc, Φ24 = ∆R̂iΞ4, Φ25 = −∆R̂iΞ2 (105)

Φ31 = −∆R̂ibΞ1âic+ ∆R̂iΞ1b∆R̂>i
Ik
G R̂0Ggc, Φ34 = ∆R̂iΞ3, Φ35 = −∆R̂iΞ1 (106)

• Compute the measurement noise Jacobian matrix:

Gi =


G11 03 03 03

G21 G22 03 03

G31 G32 03 03

03 03 I3δti 03

03 03 03 I3δti

 (107)

with:

G11 = −Jr (ω̂iδti) δti (108)

G21 = ∆R̂iΞ4, G22 = −∆R̂iΞ2 (109)

G31 = ∆R̂iΞ3, G32 = −∆R̂iΞ1 (110)

• Compute the measurement covariance:

Qi+1 = Φ(i+ 1, i)QiΦ
>(i+ 1, i) + GiQdiG

>
i (111)

with:

Qdi =


σ2
gdiI3 03 03 03

03 σ2
adiI3 03 03

03 03 σ2
wgdiI3 03

03 03 03 σ2
wadiI3

 (112)

where σ2
gdi = σ2

g/δti, σ
2
adi = σ2

a/δti, σ
2
wgdi = σ2

wg/δti and σ2
wadi = σ2

wa/δti.

3.2 IMU Cost Function Based on ACI2 MODEL 2

From time interval tk to tk+i+1, the integrated measurements can be defined as:
∆q̄i+1(x̂0

bk
,nI)

∆pi+1(x̂0
bk
,GIk

ˆ̄q0,nI)

∆vi+1(x̂0
bk
,GIk

ˆ̄q0,nI)

∆bgi+1(nI)
∆bai+1(nI)


︸ ︷︷ ︸

zIkj (x̂0
bk
,GIk

ˆ̄q0,nI)

=


hq(xnk ,xnj )⊗ q̄−1(Hq

bx̃bk)⊗ q̄−1(Hq
b∆xbk)

hp(xnk ,xnj )−Hp
b∆xbk −Hp

b x̃bk −Hp
θk

∆θk −Hp
θk

J−1
r (∆θk)δθk

hv(xnk ,xnj )−Hv
b∆xbk −Hv

b x̃bk −Hv
θk

∆θk −Hv
θk

J−1
r (∆θk)δθk

bgj − bgk
baj − bak


︸ ︷︷ ︸

h(xnk
,xnj ,xbk

,xbj
)

(113)

where G
Ik

R̂ is the current estimate of GIkR. ∆θk and its related Jacobians are defined from:

G
Ik

R = G
Ik

R̂0 exp(δθ0
k) = G

Ik
R̂ exp(δθk) (114)

⇒ exp(δθ0
k) =

(
G
Ik

R̂0
)>

G
Ik

R̂ exp(δθk) (115)

⇒ exp(δθ0
k) = exp(∆θk) exp(δθk) (116)

⇒ δθ0
k ' ∆θk + J−1

r (∆θk)δθk (117)
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Note that we define ∆θ , log

((
G
Ik

R̂0
)>

G
Ik

R̂

)
. Since the linearization point for xbk and G

Ik
q̄0 is

fixed, so, we can build the following IMU factor as:

arg min
xIk ,xIj

∥∥zIkj (x̂0
bk
,GIk

ˆ̄q0,0)� h(xnk ,xnj ,xbk ,xbj )
∥∥2

Q−1
kj (x̂0

bk
,GIk

ˆ̄q0)
(118)

⇒ arg min
xIk ,xIj

∥∥∥∥z̃Ikj (x̂0
bk
,GIk

ˆ̄q0,0)−
[
Hxnk H0

xbk
Hxnj Hxbj

] [x̃Ik
x̃Ij

]∥∥∥∥2

Q−1
kj (x̂0

bk
,GIk

ˆ̄q0)

(119)

where H0
xbk

and Qkj(x̂
0
bk
,GIk

ˆ̄q0) are both computed at the initial bias estimate x̂0
bk

and G
Ik

ˆ̄q0. Based
on the integrated componets, the predicted state xIj can be computed as:

G
Ij

ˆ̄q = G
Ik

ˆ̄q ⊗∆ˆ̄qi+1 (120)

Gp̂Ij = Gp̂Ik + Gv̂Ik∆ti+1 + G
Ik

R̂∆p̂i+1 (121)

Gv̂Ij = Gv̂Ik + G
Ik

R̂∆v̂i+1 (122)

b̂gIj = b̂gIk (123)

b̂aIj = b̂aIk (124)

The measurement Jacobians for state xk as:

∂z̃i+1

∂x̃Ik
=



∂δ∆θi+1

∂x̃Ik
∂∆p̃i+1

∂x̃Ik
∂∆ṽi+1

∂x̃Ik
∂∆b̃gi+1

∂x̃Ik
∂∆b̃ai+1

∂x̃Ik


=



∂δ∆θi+1

∂δθk

∂δ∆θi+1

∂p̃Ik

∂δ∆θi+1

∂ṽIk

∂∆∆θi+1

∂b̃gk

∂∆∆θi+1

∂b̃ak
∂∆p̃i+1

∂δθk

∂∆p̃i+1

∂p̃Ik

∂∆p̃i+1

∂ṽIk

∂∆p̃i+1

∂b̃gk

∂∆p̃i+1

∂b̃ak
∂∆ṽi+1

∂δθk

∂∆ṽi+1

∂p̃Ik

∂∆ṽi+1

∂ṽIk

∂∆ṽi+1

∂b̃gk

∂∆ṽi+1

∂b̃ak
∂∆b̃gi+1

∂δθk

∂∆b̃gi+1

∂p̃Ik

∂∆b̃gi+1

∂ṽIk

∂∆b̃gi+1

∂b̃gk

∂∆b̃gi+1

∂b̃ak
∂∆b̃ai+1

∂δθk

∂∆b̃ai+1

∂p̃Ik

∂∆b̃ai+1

∂ṽIk

∂∆b̃ai+1

∂b̃gk

∂∆b̃ai+1

∂b̃ak


(125)

=


−J−1

r (Hq
b∆xb)

G
Ij

R̂>GIkR̂ 03 03 −J−1
r (Hq

b∆xb)H
q
bg 03

bGIkR̂
>(Gp̂Ij − Gp̂Ik − Gv̂Ik∆ti+1)c −Hp

θk
J−1
r (∆θk) −GIkR̂

> −GIkR̂
>∆ti+1 −Hp

bg −Hp
ba

bGIkR̂
> (Gv̂Ij − Gv̂Ik

)
c −Hv

θk
J−1
r (∆θk) 03 −GIkR̂

> −Hv
bg −Hv

ba

03 03 03 −I3 03

03 03 03 03 −I3


(126)
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The measurement Jacobians for state xj as:

∂z̃i+1

∂x̃Ij
=



∂δ∆θi+1

∂x̃Ij
∂∆p̃i+1

∂x̃Ij
∂∆ṽi+1

∂x̃Ij
∂∆b̃gi+1

∂x̃Ij
∂∆b̃ai+1

∂x̃Ij


=



∂δ∆θi+1

∂δθj

∂δ∆θi+1

∂p̃Ij

∂δ∆θi+1

∂ṽIj

∂∆∆θi+1

∂b̃gj

∂∆∆θi+1

∂b̃aj
∂∆p̃i+1

∂δθj

∂∆p̃i+1

∂p̃Ij

∂∆p̃i+1

∂ṽIj

∂∆p̃i+1

∂b̃gj

∂∆p̃i+1

∂b̃aj
∂∆ṽi+1

∂δθj

∂∆ṽi+1

∂p̃Ij

∂∆ṽi+1

∂ṽIj

∂∆ṽi+1

∂b̃gj

∂∆ṽi+1

∂b̃aj
∂∆b̃gi+1

∂δθj

∂∆b̃gi+1

∂p̃Ij

∂∆b̃gi+1

∂ṽIj

∂∆b̃gi+1

∂b̃gj

∂∆b̃gi+1

∂b̃aj
∂∆b̃ai+1

∂δθj

∂∆b̃ai+1

∂p̃Ij

∂∆b̃ai+1

∂ṽIj

∂∆b̃ai+1

∂b̃gj

∂∆b̃ai+1

∂b̃aj


(127)

=


J−1
r (Hq

b∆xb) 03 03 03 03

03
G
Ik

R̂> 03 03 03

03 03
G
Ik

R̂> 03 03

03 03 03 I3 03

03 03 03 03 I3

 (128)

4 Visual Measurement Jacobians

The measurement Jacobians for the visual model can be written as:

∂C p̃f
∂δθk

= C
I R̂bIkG R̂

(
Gp̂f − Gp̂Ik

)
c (129)

∂C p̃f
∂Gp̃Ik

= −CI R̂Ik
G R̂ (130)

∂C p̃f

∂t̃d
= C

I R̂
(
bIkω̂cIkG R̂

(
Gp̂f − Gp̂Ik

)
+ Ik
G R̂Gv̂Ik

)
(131)

where Gpf denotes the 3D feature position in global frame.

Appendix A: Integration Components for ACI2

The first integration we need is:

Ξ1 = I3δti +
1− cos(ω̂iδti)

ω̂i
bk̂ic+

(
δti −

sin(ω̂iδti)

ω̂i

)
bk̂ic2 (132)

The second integration we need is:

Ξ2 =
1

2
δt2i I3 +

ω̂iδti − sin(ω̂iδti)

ω̂2
i

bk̂ic+

(
1

2
δt2i −

1− cos(ω̂iδti)

ω̂2
i

)
bk̂ic2 (133)
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The third integration can be written as:

Ξ3 =
1

2
δt2i bâic+

sin(ω̂iδti)− ω̂iδti
ω̂2
i

bâicbk̂ic

+
sin(ω̂iδti)− ω̂iδti cos(ω̂iδti)

ω̂2
i

bk̂icbâic

+

(
1

2
δt2i −

1− cos(ω̂iδti)

ω̂2
i

)
bâicbk̂ic2

+

(
1

2
δt2i +

1− cos(ω̂iδti)− ω̂iδti sin(ω̂iδti)

ω̂2
i

)
bk̂ic2bâic

+

(
1

2
δt2i +

1− cos(ω̂iδti)− ω̂iδti sin(ω̂iδti)

ω̂2
i

)
k̂>i âibk̂ic

− 3 sin(ω̂iδti)− 2ω̂iδti − ω̂iδti cos(ω̂iδti)

ω̂2
i

k̂>i âibk̂ic2 (134)

The fourth integration we need is:

Ξ4 =
1

6
δt3i bâic+

2(1− cos(ω̂iδti))− (ω̂2
i δt

2
i )

2ω̂3
i

bâicbk̂ic

+

(
2(1− cos(ω̂iδti))− ω̂iδti sin(ω̂iδti)

ω̂3
i

)
bk̂icbâic

+

(
sin(ω̂iδti)− ω̂iδti

ω̂3
i

+
δt3i
6

)
bâicbk̂ic2

+
ω̂iδti − 2 sin(ω̂iδti) + 1

6(ω̂iδti)
3 + ω̂iδti cos(ω̂iδti)

ω̂3
i

bk̂ic2bâic

+
ω̂iδti − 2 sin(ω̂iδti) + 1

6(ω̂iδti)
3 + ω̂iδti cos(ω̂iδti)

ω̂3
i

k̂>i âibk̂ic

+
4 cos(ω̂iδti)− 4 + (ω̂iδti)

2 + ω̂iδti sin(ω̂iδti)

ω̂3
i

k̂>i âibk̂ic2 (135)

When ω̂i is too small, in order to avoid numerical instability, we can compute the above inte-
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gration identities as:

lim
ω̂i→0

Ξ1 = δtiI3 + δti sin(ω̂iδti)bk̂ic+ δti (1− cos(ω̂iδti)) bk̂ic2 (136)

lim
ω̂i→0

Ξ2 =
δt2i
2

I3 +
δt2i
2

sin(ω̂iδti)bk̂ic+
δt2i
2

(1− cos(ω̂iδti)) bk̂ic2 (137)

=
δti
2

lim
ω̂i→0

Ξ1 (138)

lim
ω̂i→0

Ξ3 =
δt2i
2
bâic+

δt2i sin(ω̂iδti)

2

(
−bâicbk̂ic+ bk̂icbâic+ k̂>i âibk̂ic2

)
+
δt2i
2

(1− cos(ω̂iδti))
(
bâicbk̂ic2 + bk̂ic2bâic+ k̂>i âibk̂ic

)
(139)

lim
ω̂i→0

Ξ4 =
δt3i
6
bâic+

δt3i sin(ω̂iδti)

6

(
−bâicbk̂ic+ bk̂icbâic+ k̂>i âibk̂ic2

)
+
δt3i
6

(1− cos(ω̂iδti))
(
bâicbk̂ic2 + bk̂ic2bâic+ k̂>i âibk̂ic

)
(140)

=
δti
3

lim
ω̂i→0

Ξ3 (141)
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